We discuss the constant-roll inflation with constant ǫ 2 and constantη. By using the method of Bessel function approximation, the analytical expressions for the scalar and tensor power spectra, the scalar and tensor spectral tilts, and the tensor to scalar ratio are derived up to the first order of ǫ 1 . The model with constant ǫ 2 is ruled out by the observations at the 3σ confidence level, and the model with constantη is consistent with the observations at the 1σ confidence level. The potential for the model with constantη is also obtained from the Hamilton-Jacobi equation. Although the observations constrain the constant-roll inflation to be the slow-roll inflation, the n s − r results from the constant-roll inflation are not the same as those from the slow-roll inflation even when η ∼ 0.01. *
I. INTRODUCTION
Inflation explains the flatness and horizon problems in standard cosmology, and the quantum fluctuations of the inflaton seed the large scale structure of the Universe and leave imprints on the cosmic microwave background radiation [1] [2] [3] [4] [5] . To solve the problems such as the flatness, horizon and monopole problems, the number of e-folds remaining before the end of inflation must be large enough and it is usually taken to be N = 50 − 60 due to the uncertainties in reheating physics. This requires the potential of the inflaton to be nearly flat, so that the slow-roll inflation is ensured. By using the method of Bessel function approximation, we can calculate the scalar and tensor power spectra [6] . For more discussion on the calculation of the power spectra, please see Ref. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The temperature and polarization measurements on the cosmic microwave background anisotropy conformed the nearly scale invariant power spectra predicted by the slow-roll inflation and gave the constraints n s = 0.9645 ± 0.0049 (68% C.L.) and r 0.002 < 0.10 (95% C.L.) [27] .
If the potential of the inflaton is very flat so that the inflaton almost stops rolling, we call this model the ultra slow-roll inflation [19, 20] . In the ultra slow-roll inflation, the slow-roll parameter η H ≈ 3 and a large curvature perturbation at small scales may be generated to produce primordial black holes [28, 29] . The idea of ultra slow-roll inflation was then generalized to the constant-roll inflation with η H being a constant [30, 31] . For the constant-roll inflation, the slow-roll condition may be violated, the curvature perturbation may not remain to be a constant outside the horizon and the slow-roll results may be invalid [20, 24, [30] [31] [32] [33] . For more discussion on constant-roll inflation, please see Ref. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
In the previous work, the author studied the reconstruction of constant-roll inflation with slow-roll formulae [39] . Since the slow-roll condition may be invalid, the slow-roll results may not be reliable. In this paper, we derive the analytical formulas for the spectral index n s and the tensor-to-scalar ratio r for the constant-roll inflation with constant ǫ 2 and constant η. We then use the observational data to constrain the constant-roll inflationary models and compare the results with those from slow-roll inflation. The paper is organized as follows. In Section II, we review the slow-roll inflation and discuss three different slow-roll parameters and their relationship. In Section III, by deriving the scalar and tensor perturbations for the constant-roll inflation, we obtain the formalism for the scalar spectral tilt n s and the tensor-to-scalar ratio r for the constant-roll inflationary model with ǫ 2 constant, and fit the model to the observational data. The model with constantη is presented in Section IV. The conclusion is drawn in Section V.
II. SLOW-ROLL INFLATION
For a canonical scalar field minimally coupled to gravity, the background equations of motion are
where we set M pl = 1/ √ 8πG = 1. From Eqs. (1) and (3), we obtain the acceleration
So the condition for inflationä ≥ 0 is equivalent toφ 2 ≤ V (φ).
A. slow-roll inflation
Under the slow-roll approximation,φ
the background equations (1) and (2) for the scalar field become
where V ,φ = dV (φ)/dφ. Combining Eqs. (3), (5) and (7), we get
B. Slow-roll parameters
In this subsection, we introduce several different definitions of the slow-roll parameters.
The usual Hubble flow slow-roll parameters are [47] ,
where
The two first order slow-roll parameters are
By using these slow-roll parameters, the slow-roll conditions (5) and (6) become ǫ H ≪ 1
and |η H | ≪ 1, and inflation ends when ǫ H = 1. Under the slow-roll approximation, the eqs. (11) and (12) become
In terms of the slow-roll parameters, we can express the remaining number of e-folds N(t) = ln(a f /a) before the end of inflation as
where the subscript f denotes the end of inflation, the subscript * denotes the horizon crossing at a pivotal scale, for example, k * = 0.002 Mpc −1 . The last approximation is valid only when satisfy the slow-roll approximation.
Next, we introduce the horizon flow slow-roll parameters [9] 
where H o is an arbitrary constant. The first two slow-roll parameters are
Under the slow-roll condition, we get
For convenience, we also use V (φ) to define the slow-roll parameter
the last approximation is valid only under the slow-roll approximation. Motivated by this approximate relation, we introduce another slow-roll parameter
In the slow-roll limit, we haveη ≈ η V . All the slow-roll parameters introduced above are small when the slow-roll conditions are satisfied.
III. THE CONSTANT-ROLL INFLATION WITH CONSTANT ǫ 2

A. The Scalar Perturbation
The scalar perturbation is governed by Mukhanov-Sasaki equation [48, 49] ,
and the mode function v k is related with the curvature perturbation ζ by v k = zζ. To solve the Mukhanov-Sasaki equation (23), we need the expression for z ′′ /z. In terms of the slow-roll parameters, from the definition (24) we geẗ
and z
From the relations d dτ
and assuming that ǫ 2 is a constant, to the first order of ǫ 1 , we get [24] 1
Because we derive the above result (29) with the relation (28), so the result (29) does not apply to the case with ǫ 1 being a constant. Furthermore, the first order approximation is invalid when ǫ 1 is not small. From eq. (29), to the first order of ǫ 1 , we get
Substituting Eq. (25) and (30) into (26) and usingǫ 2 = 0, we can express z ′′ /z in terms of a function of the slow-roll parameters ǫ 1 and ǫ 2 divided by τ 2 , and the eq. (23) become
to the first order of ǫ 1 . Since ǫ 2 is a constant and ǫ 1 changes slowly, so ν can be approximated as a constant, the solution to eq. (31) for the mode function v k is the Hankel function of order ν. If ǫ 2 is too large, then from eq. (28), we see thatǫ 1 may not small, and the Bessel function approximation may break down [24] . Here we don't consider this issue and leave if for future discussion.
In this paper, we focus on the usual situation that the curvature perturbation remains constant. Therefore, the power spectrum of the scalar perturbation is
The scalar spectral tilt is
Substituting eq. (32) into eq. (34) , to the first order of ǫ 1 , we get
.
The equation that governs the tensor perturbation is
where the mode function u
and "s" stands for the "+" or "×" polarizations. Following the same procedure as that in the scalar perturbation, we get eq. (31) with v k replaced by u k , and ν replaced by µ with
where a
so the tensor spectrum is
The tensor spectral tilt is
Combining eqs. (33) and (40), to the first order of ǫ 1 , we get the tensor to scalar ratio
Combining eqs. (30), (38) and (39) , to the first order of ǫ 1 , we obtain
Substituting eq. (43) into eq. (42), to the first order of ǫ 1 , we get
Under the slow-roll condition, |ǫ 2 | ≪ 1, the results become n s = 1 − 2ǫ 1 − ǫ 2 and r = 16ǫ 1 .
Since ǫ 2 is a constant, from the definition (19) with the condition ǫ(N = 0) = 1, we get
Substituting eq. (45) into eqs. (35) and (44), we can calculate n s and r for the model with constant ǫ 2 , and the results compare with the Planck 2015 results [27] are shown in Fig. 1 .
In Fig. 1 , we plot the results by varying ǫ 2 with N = 50 and N = 60, and the black lines denote the results for the constant-roll inflationary model with constant ǫ 2 . From Fig. 1, we see that the model is ruled out by observations at the 3σ confidence level. 
IV. THE CONSTANT-ROLL INFLATION WITH CONSTANTη
For the model with constantη, from eqs. (22) and (28) we get
Replacing ǫ 2 withη by the relation (46) and using the result (47) forǫ 2 , to the first order of
Substituting eqs. (49) and (50) into eqs. (34) and (42), to the first order of ǫ 1 , we obtain
r ≈ 2
In the slow-roll limit,η ≈ η V , we recover
Sinceη is a constant, from the definition (19) and the condition ǫ 1 (N = 0) = 1, we get
Plugging eq. (54) into eqs. (51) and (52), we express n s and r in terms of N andη. By choosing N = 50 and N = 60, and varying the value ofη, we plot the n s − r results for the model with constantη along with the Planck 2015 constraints [27] in Fig. 1 . The red lines denote the n s − r results for the constant-roll inflationary model with constantη and the blue ones denote the constant η V model. From Fig. 1 , we see that the constantroll inflationary model with constantη is consistent with the observations at 1σ confidence level. For N = 50, the 1σ constraint is −0.014 <η < −0.0039, the 2σ constraint is −0.018 <η < 0.0059, and the 3σ constraint is −0.02 <η < 0.0146. For N = 60, the 1σ constraint is −0.018 <η < −0.0067, the 2σ constraint is −0.021 <η < 0.0015, and the 3σ constraint is −0.023 <η < 0.008. If we takeη = −0.009 and N = 60, we get ǫ 1 = 0.0023, n s = 0.968, r = 0.036. Since observations require that ǫ 1 andη are both small, the slow-roll condition is satisfied and this constant-roll inflation with constantη is also a slow-roll inflation. If we use the slow-roll formulae (53) to fit the observations, the 1σ constraint is −0.014 < η V < −0.0039, the 2σ constraint is −0.018 < η V < 0.0068, and the 3σ constraint is −0.02 < η V < 0.0168 for N = 50. For N = 60, the 1σ constraint is −0.018 < η V < −0.0067, the 2σ constraint is −0.021 < η V < 0.0015, and the 3σ constraint is −0.023 < η V < 0.01. The 2σ and 3σ upper bounds given by the slow-roll formulae are larger than those given by the constant-roll formulae, so even in the slow-roll regime, the results are not the same, but the constant-roll formalism (51) and (52) are more accurate.
Now we derive the potential for the constant-roll inflation withη constant. From eqs. (11), (12) and (22), we get the second order differential equation
The solution for the Hubble parameter H(φ) is
where the arbitrary integration constants φ i and H i are some reference values. Substituting the solution (56) into the Hamilton-Jacobi equation, we get
so the potential is
where the constant V 0 = 3H 2 i . Under the slow-roll condition |η| ≪ 1, the potential V (φ) ≈ 3H 2 (φ) becomes
Compare the potential with the slow-roll potential for constant η V [39]
we find that the analytic expression of V (φ) reduces to the slow-roll one when the slow-roll condition is satisfied, if we identify the constants A and B with V 0 and φ i .
V. CONCLUSIONS
In addition to the usual Hubble flow slow-roll parameters ǫ H and η H , we discuss the horizon flow slow-roll parameters ǫ 1 and ǫ 2 , and introduce the slow-roll parameterη. The relationship among these slow-roll parameters then reviewed. For the constant-roll inflationary models with ǫ 2 constant andη constant, we use the method of Bessel function approximation to get analytical expressions for the scalar and tensor power spectra to the first order of ǫ 1 . The scalar and tensor spectral tilts and the tensor to scalar ratio are also derived. These results for the constant-roll inflation reduce to those for slow-roll inflation if the slow-roll conditions are satisfied. We also use the observational data to constrain the constant-roll inflationary models, and we find that the constant-roll inflationary model with ǫ 2 constant is ruled out by the observations at the 3σ confidence level. The model with constantη is consistent with the observations at the 1σ confidence level. For the constant-roll inflation with constantη, the 1σ constraint is −0.014 <η < −0.0039, the 2σ constraint is −0.018 <η < 0.0059, and the 3σ constraint is −0.02 <η < 0.0146 for N = 50; the 1σ constraint is −0.018 <η < −0.0067, the 2σ constraint is −0.021 <η < 0.0015, and the 3σ constraint is −0.023 <η < 0.008 for N = 60. Since the observations constrain |η| ≪ 1, the slow-roll conditions are satisfied and the constant-roll inflation becomes the slow-roll inflation. We compare the results from the constant-roll formulae (51) and (52) with those from slow-roll formulae (53) and we find that the 2σ and 3σ upper bounds given by the slow-roll formulae are larger than those given by the constant-roll formulae, so even in the slow-roll regime, the results are not the same. The Hamilton-Jacobi equation is used to obtain the potential V (φ), and it recovers the potential for the slow-roll inflation with constant η V under the slow-roll condition.
